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Abstract 

In order to understand the physical effect of the brick wall boundary con- 
dition, we compute the distribution of the zero-point energy of the massless 
scalar fields minimally coupled to the Schwarzschild and Reissner-Nordstrom 
black hole backgrounds. We find that the black hole radiation spectrum de- 
pends on the positions of the brick wall and the observer, and reveals the 
interference effect due to the reflected field by the brick wall. 
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Since the Bekenstein's introduction of the idea of black hole entropy |J and the subse- 
quent discovery of the black hole radiation phenomena by Hawking 0, many attempts have 
been made to understand the origin of the black hole entropy. One of such proposals was 
't Hooft's brick wall near the horizon, across which no quantum fields can propagate ||. 
Recently the brick wall method has been successfully utilized in understanding the diver- 
gence structure of the entropy contribution of quantum fields propagating outside the black 
hole horizon 0], and the fact that such divergences can be absorbed as the renormalization 
of the gravitational and cosmological constants |||| . 

Although the introduction of brick wall enabled us to understand many aspects of black 
hole entropy, it raises a puzzling question as to whether it really gives the correct physics since 
the existence of brick wall prohibits the propagation of matter across the horizon whereas it 
is known that black holes can absorb matter. To understand this question, in this letter, we 
compute the radiation spectra of black holes with brick wall boundary conditions imposed. 

There exist many different methods to evaluate the radiation spectrum of black hole 
background |7|]. For the purpose of understanding the effect of brick walls on black hole 
radiation, it is convenient to use the interpretation that the gravitational field of black 
hole deforms the energy spectrum of the zero-point field and makes it appear as a thermal 
radiation spectrum ||,f|. 

We consider a massless scalar field <p(x) minimally coupled to a black hole background. 
Then the vacuum expectation value of energy density observed by an observer at x M = x M (r) 
is given by 

where r is the proper time of the observer and £^ is the time-like Killing vector. Using the 
definition of the Wightman functions D ± (x' 1 , x ,fl ), evaluated at two points x M = x M (r + a/2) 
and = x M (r — er/2) along the world-line of the observer, the vacuum energy density can 
be written as 

£ = ke^f 2 rduuj 2 [D + (uj,T)+D-(uj,T)}, (2) 
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where the Fourier transforms of the Wightman functions are defined by 

~ roo 

D ± (u,t)= dae luJa D ± (r + a/2,T- a/2). (3) 



The distortion of the zero-point energy (i.e, the Hawking radiation of black hole) can then 
be evaluated by Eq. (^j from the appropriate Wightman functions for the scalar field in the 
black hole background spacetime. 

We first consider the Schwarzschild black hole 

ds 2 = _™ e -r/2M d ~ d - (4) 

r 

where M is the black hole mass and the Kruskal coordinates are defined as 

u = -AMe~ u/4M , u = t-r\ 

v = 4Me v/4M , v = t + r*, (5) 

where r* is defined by dr* = dr/(l — 2M/r). Here we only consider the radial motion and 
the system to be 2-dimensional. The metric (^j) admits a time-like Killing vector £ M with 
magnitude (^^/J 1 ^ 2 = (1 — 2M/r) 1 ^ 2 , and the world-line of a detector at r = tq can be 
represented by 

u = -- e - aT+br ° 
b 

v = ±-e ar+br ° (6) 

where r is the proper time of the detector, is the position of the detector in tortoise 
coordinates and 



a 



I — 2M 

ro 



-1/2 



AM 

The Wightman functions in the open (u, v) space are given by 

D ± (u, v, u', v') = —— ln[(w — u' =F ie)(v — v' =F ^ e )]- (8) 
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't Hooft's brick wall method consists of introducing a boundary condition 



(x) = 0, for r < 2M + h 



(9) 



where h « 2M. Thus with the brick wall boundary condition, the Wightman functions 
must satisfy the conditions 



D ± (x,x')\ r=2 M+h = = D ± (x,x')\ r i =2 M+h- 



(10) 



By using the image method we find the correct Wightman functions D h (x, x') satisfying the 
brick wall boundary condition fll0|). 



D h (u, v) — — — In (u — u' =)= ie)(v — v' =p ie) 
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+ — In 

8tt 

1 . 
+ 8^ ln 

-Iln 

8vr 



'-7^e 2br * h -u' T ^e){-^e 2h ^ — f ' =F ie) 



+ I^7 e2K T^)(u+-i=e 2 ^ T 

V A U 



ie 



H-75= + 7^T^)(- 



1 1 



b 2 u b 2 u 



= =F «e) 



(11) 



where = r*| r=2 M+/i- Using Eq. (J6|) we find 



£>J(t + <7/2,t-<t/2) 



In 



2 6 » acr 
-e * smh( — =f 
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+ i ln I^ e2K sinh( T + 6(r ° ~ r ^ T lt) 

x sinh(^ - o(r* - r* h ) q= ie) 



(12) 



The Fourier transforms of the Wightman functions flT2"| ) are 



£> + (w,r) 
D-(lu,t) 



j g27ro;/a 

a; e 27rtJ / a - 1 
1 1 
e 2 ™/ a - 1 



cos(^p^ 

V 2Ma 

cos(" (r5 ,7 rt) 

V 2Ma 
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for positive uj. Using Eq. (|2|) we thus find the energy density of the zero-point field, 
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2 ^,2-Kui/a J 



1 — cos( 



^(^ - r* h ) 
2 Ma 



(14) 
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As in the case of the Schwarzschild background without a brick wall ||, we find the orig- 
inal energy of the zero-point energy plus an additional Planckian distribution term at the 
temperature 

kT = — = S r jd . (15) 

2tt MM y ' 



The result, however, has an extra factor, the last factor of Eq. (|Tj), due to the existence 
of the brick wall boundary condition which prevents matter fields from crossing the wall. 
This factor depends on the positions of the brick wall and the detector, and vanishes when 
r o — r hi i-e, when the detector is right at the brick wall. 
We now consider the Reissner-Nordstrom black hole 

ds 2 = -(l- T -±)(l- r —) e - 2br *dudv, (16) 



where r = M ± \fM 2 — Q' 2 , M and Q are the mass and the charge of the black hole, 
respectively, and the Kruskal coordinates are defined by 

u=-- e - bu + ]-, u = t-r* 
b b 

v = \e bv -\, v = t + r* (17) 
b b 

with r* defined by dr* = dr/(l — 2M/r + Q 2 /r 2 ). We also consider only the radial motion 
and the system to be 2-dimensional. The metric (O) admits a time-like Killing vector £^ 
with magnitude (£ M £ / J 1//2 = (1 — 2M/r + Q 2 /r 2 ) 1 ^ 2 , and the world-line of a detector at r = r 
is represented by 

u = -- e - ar+br ° + - 
b b 

v = \e aT+br ° -\ (18) 
b b 

where Tq is the position of the detector in tortoise coordinates and 

r + — r_ 



2r\ ' 

a = 6(1 + . 19 



The Wightman functions (x, x') satisfying the brick wall boundary conditions 



A^(x,x')\ r=r++h = = A^(x,x')\ r 



'=r++h 



(20) 



are given by 
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[u — u' =f ie)(v — v ' =f ie) 



3 p-6 h — u' + - =F it 



b 2 (v + 



2brf 
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u — 



b 2 (v 



6- 



+ 



6 2 (f 



6> 



1 



6»(n-i) 6 2 K-i) 



(21) 



where rt 



|r=r+ 



This result is exactly the same as the Schwarzschild case except for 



the fact that u and v of Eq. (|Tl|) are replaced by u — 1/b and v + 1/b, respectively, and the 
constants a and b are defined now by Eq. (|19|). We thus obtain the energy density in the 
Reissner-Nordstrom black hole background, 



£ 



2 f 2M Q 2 ^i/2 f>o 

: — 
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(22) 



This implies that the black hole radiates at the temperature 



kT 



r + - r_ / 2M Q 2 
47rri ^ rn rg 



-1/2 



(23) 



2tt 47rr+ v tq 

which is consistent with that of other methods fLO"! , but the radiation spectrum is modified 
due to the existence of the brick wall boundary condition as in the case of the Schwarzschild 
black hole. 

We have shown that, for both the Schwarzschild and Reissner-Nordstrom black holes, 
the radiation spectra are drastically modified by the brick wall boundary conditions. The 
brick wall provides a mirror-like boundary condition, and there appear reflected fields. The 
cosine terms in the last factors flT4] ) and Q22D represent the interference effects due to the 
reflected field by the brick wall. Therefore the introduction of the brick wall deforms the 
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local distribution of the energy spectra, even though the overall thermodynamic entropy 
may look similar to the one without a brick wall. This implies therefore that, although the 
brick wall method enabled us to clarify many aspects of black hole entropy, the presence of 
brick wall near horizon may considerably modify other aspects of black hole physics. 
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